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Max-Cut relaxation
An example of global optimality on manifolds
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Max-Cut

Given a graph, split its nodes in two classes,
maximizing the number of in-between edges.

One of Karp's 21 NP-complete problems.
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Max-Cut semidefinite relaxation

𝐴𝐴 is the adjacency matrix of the graph:

min
𝑋𝑋

Tr 𝐴𝐴𝐴𝐴 s. t. diag 𝑋𝑋 = 𝟏𝟏,𝑋𝑋 ≽ 0

Goemans & Williamson ’95

Approximate the best cut within 87% by
randomized projection of optimal 𝑋𝑋 to ±1 n.
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Convex, but IPM’s run out of memory 
(and time)

For a 2000 node graph (edge density 1%), 
CVX runs out of memory on my former 
laptop. On the new one, it returns with poor 
accuracy after 3 minutes.

The methods we will discuss solve the SDP 
in 6 seconds on old laptop, with certificate.
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Max-Cut SDP has a low-rank solution

min
𝑋𝑋

Tr 𝐴𝐴𝐴𝐴 s. t. diag 𝑋𝑋 = 𝟏𝟏,𝑋𝑋 ≽ 0

Shapiro ‘82, Grone et al. ‘90, Pataki ‘94, Barvinok ‘95
There is an optimal 𝑋𝑋 whose rank 𝑟𝑟 satisfies

𝑟𝑟(𝑟𝑟 + 1)
2

≤ 𝑛𝑛

A fortiori, 𝑟𝑟 ≤ 2𝑛𝑛.
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This justifies restricting the rank

min
𝑋𝑋

Tr 𝐴𝐴𝐴𝐴 s. t. diag 𝑋𝑋 = 𝟏𝟏,𝑋𝑋 ≽ 0, rank 𝑋𝑋 ≤ 𝑝𝑝

Parameterize as 𝑋𝑋 = 𝑌𝑌𝑌𝑌𝑇𝑇 with 𝑌𝑌 of size 𝑛𝑛 × 𝑝𝑝:

min
𝑌𝑌:𝑛𝑛×𝑝𝑝

Tr 𝐴𝐴𝐴𝐴𝑌𝑌𝑇𝑇 s. t. diag 𝑌𝑌𝑌𝑌𝑇𝑇 = 𝟏𝟏

Lower dimension and no conic constraint!
Burer & Monteiro ‘03, ‘05, Journée, Bach, Absil, Sepulchre ’10

But nonconvex…
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Key feature: search space is smooth

min
𝑌𝑌:𝑛𝑛×𝑝𝑝

Tr 𝐴𝐴𝐴𝐴𝑌𝑌𝑇𝑇 s. t. diag 𝑌𝑌𝑌𝑌𝑇𝑇 = 𝟏𝟏

Constraints → rows of 𝑌𝑌 have unit norm.

The search space is a product of
spheres: smooth cost function
on a smooth manifold.
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Our main result for Max-Cut

min
𝑌𝑌:𝑛𝑛×𝑝𝑝

Tr 𝐴𝐴𝑌𝑌𝑌𝑌𝑇𝑇 s. t. diag 𝑌𝑌𝑌𝑌𝑇𝑇 = 𝟏𝟏

If 
𝑝𝑝(𝑝𝑝+1)

2
> 𝑛𝑛, for almost all 𝐴𝐴, all sop’s are optimal.

If 𝑝𝑝 > 𝑛𝑛/2, for all 𝐴𝐴, all sop’s are optimal.

With Bandeira & Voroninski, arXiv 1606.04970

sop: second-order critical point (zero gradient, psd Hessian)10



Main proof ingredients

1. 𝑋𝑋 = 𝑌𝑌𝑌𝑌𝑇𝑇 is optimal iff

𝑆𝑆 = 𝑆𝑆 𝑌𝑌 = 𝐴𝐴 − ddiag 𝐴𝐴𝐴𝐴𝑌𝑌𝑇𝑇 ≽ 0

2. If 𝑌𝑌 is sop and rank deficient, 𝑆𝑆 𝑌𝑌 ≽ 0

3. For almost all 𝐴𝐴, all critical points are 
rank deficient (if 𝑝𝑝(𝑝𝑝+1)

2
> 𝑛𝑛).

For all feasible �𝑋𝑋,
0 ≤ Tr 𝑆𝑆 �𝑋𝑋

= Tr 𝐴𝐴 �𝑋𝑋 − Tr ddiag 𝐴𝐴𝐴𝐴𝑌𝑌𝑇𝑇 �𝑋𝑋
= Tr 𝐴𝐴 �𝑋𝑋 − Tr 𝐴𝐴𝐴𝐴𝑌𝑌𝑇𝑇 .
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Main result for smooth SDP’s

min
𝑋𝑋:𝑛𝑛×𝑛𝑛

Tr 𝐴𝐴𝐴𝐴 s. t. Lin 𝑋𝑋 = 𝑏𝑏,𝑋𝑋 ≽ 0

min
𝑌𝑌:𝑛𝑛×𝑝𝑝

Tr 𝐴𝐴𝐴𝐴𝑌𝑌𝑇𝑇 s. t. Lin 𝑌𝑌𝑌𝑌𝑇𝑇 = 𝑏𝑏

If the search space in 𝑋𝑋 is compact
and the search space in 𝑌𝑌 is a manifold,
and if  𝑝𝑝(𝑝𝑝+1)

2
> #constraints, then,

for almost all 𝐴𝐴, all sop’s are optimal.
 

With Bandeira & Voroninski, arXiv 1606.04970
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Why the manifold assumption?

What can we compute?
→KKT points.

When are KKT conditions necessary at 𝑌𝑌?
→When constraint qualifications hold at 𝑌𝑌.

What if CQ’s hold at all 𝑌𝑌’s?
→ Set of 𝑌𝑌’s is a smooth manifold.

13



Covers a range of applications

Max-Cut
𝐙𝐙2-synchronization
Community detection in stochastic block model
Matrix cut norm
Phase-Cut for phase retrieval
Phase synchronization
Orthogonal-Cut (synchronization of rotations)
…
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Optimization on manifolds
Not harder (nor easier) than unconstrained optimization

min
𝑥𝑥∈𝑀𝑀

𝑓𝑓(𝑥𝑥)
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Optimization on many manifolds

Spheres, orthonormal bases (Stiefel), 
rotations, positive definite matrices,
fixed-rank matrices, Euclidean distance 
matrices, semidefinite fixed-rank matrices, 
shapes, linear subspaces (Grassmann), phases, 
essential matrices, special Euclidean group, 
fixed-rank tensors, Euclidean spaces…

Products and quotients of all of these,
real and complex versions…
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Taking a close look at

gradient descent
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→ We need Riemannian geometry

At each point 𝑥𝑥 in the search space 𝑀𝑀

We linearize 𝑀𝑀 into a tangent space 𝑇𝑇𝑥𝑥𝑀𝑀

And pick a metric on 𝑇𝑇𝑥𝑥𝑀𝑀.

This gives intrinsic notions of
gradient and Hessian.
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www.manopt.org

An excellent book
Optimization algorithms on 
matrix manifolds

A Matlab toolbox

With Mishra, Absil & Sepulchre
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Example: Max-Cut relaxation

min
𝑌𝑌:𝑛𝑛×𝑝𝑝

Tr 𝐴𝐴𝐴𝐴𝑌𝑌𝑇𝑇 s. t. diag 𝑌𝑌𝑌𝑌𝑇𝑇 = 𝟏𝟏

Rows of 𝑌𝑌 have unit norm: product of spheres.

Tangent space: 𝑌̇𝑌: diag 𝑌̇𝑌𝑌𝑌𝑇𝑇 + 𝑌𝑌𝑌̇𝑌𝑇𝑇 = 𝟎𝟎

Gradient: project 2𝐴𝐴𝐴𝐴 to tangent space.

Retraction: normalize rows of 𝑌𝑌 + 𝑌̇𝑌.



function Y = maxcut_manopt(A)

% Select an appropriate relaxation rank p.
n = size(A, 1);
p = ceil(sqrt(2*n));

% Select the manifold to optimize over.
problem.M = obliquefactory(p, n, true);

% Define the cost function to be minimized.
problem.cost  = @(Y) sum(sum(Y.*(A*Y)));
problem.egrad = @(Y) 2*(A*Y);
problem.ehess = @(Y, Ydot) 2*(A*Ydot);

% Call a standard solver
% (random initialization, default parameters.)
Y = trustregions(problem);

end min
𝑌𝑌:𝑛𝑛×𝑝𝑝

Tr 𝐴𝐴𝐴𝐴𝑌𝑌𝑇𝑇 s. t. diag 𝑌𝑌𝑌𝑌𝑇𝑇 = 𝟏𝟏



>> Y = maxcut_manopt(A);

f: -1.189330e+01   |grad|: 3.969772e+02

acc TR+   k:     1     num_inner:     1     f: -5.933834e+03   |grad|: 3.214287e+02

acc k:     2     num_inner:     1     f: -1.092386e+04   |grad|: 2.744089e+02

acc k:     3     num_inner:     3     f: -1.344741e+04   |grad|: 2.542660e+02

acc k:     4     num_inner:     3     f: -1.541521e+04   |grad|: 1.351628e+02

acc k:     5     num_inner:     5     f: -1.616969e+04   |grad|: 7.579978e+01

acc k:     6     num_inner:    10     f: -1.641459e+04   |grad|: 4.638172e+01

REJ TR- k:     7     num_inner:    20     f: -1.641459e+04   |grad|: 4.638172e+01

acc TR+   k:     8     num_inner:     6     f: -1.654937e+04   |grad|: 1.057115e+01

acc k:     9     num_inner:    25     f: -1.656245e+04   |grad|: 3.576517e+00

acc k:    10     num_inner:    18     f: -1.656370e+04   |grad|: 3.951183e-01

acc k:    11     num_inner:    43     f: -1.656377e+04   |grad|: 1.330375e-01

acc k:    12     num_inner:    48     f: -1.656378e+04   |grad|: 5.752944e-02

acc k:    13     num_inner:    67     f: -1.656378e+04   |grad|: 2.430253e-02

acc k:    14     num_inner:    89     f: -1.656378e+04   |grad|: 2.475079e-03
acc k:    15     num_inner:   123     f: -1.656378e+04   |grad|: 1.896680e-05
acc k:    16     num_inner:   224     f: -1.656378e+04   |grad|: 1.103767e-09

Gradient norm tolerance reached; options.tolgradnorm = 1e-06.
Total time is 5.14 [s]

Optimality gap: 𝑛𝑛 ⋅ 𝜆𝜆min 𝑆𝑆 𝑌𝑌 = −4.2 ⋅ 10−6



Convergence guarantees for
Riemannian gradient descent

Global convergence to critical points.

Linear convergence rate locally.

Reach grad𝑓𝑓(𝑥𝑥) ≤ 𝜀𝜀 in O 1
𝜀𝜀2

iterations 
under Lipschitz assumptions.
With Cartis & Absil (arXiv 1605.08101).
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Convergence guarantees for
Riemannian trust regions
Global convergence to
second-order critical points.

Quadratic convergence rate locally.

grad𝑓𝑓(𝑥𝑥) ≤ 𝜀𝜀 and Hess𝑓𝑓 𝑥𝑥 ≽ −𝜀𝜀𝜀𝜀 in O 1
𝜀𝜀3

iterations under Lipschitz assumptions.
With Cartis & Absil (arXiv 1605.08101).
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Low-rank matrix completion
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Gaussian mixture models

Matrix Manifold Optimization
for Gaussian Mixture Models
Reshad Hosseini, Suvrit Sra,
2015 (NIPS)
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Dictionary learning
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Phase retrieval
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Phase synchronization
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Synchronization of rotations

Robust estimation
of rotations, 2013
B., Singer and Absil

37



Sensor network localization

Noisy sensor network localization, robust facial reduction 
and the Pareto frontier
Cheung, Drusvyatskiy, Krislock and  Wolkowicz 2014
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Protein structure determination
in NMR spectroscopy
Residual Dipolar Coupling,
Protein Backbone Conformation
and Semidefinite Programming
Yuehaw Khoo, Amit Singer 
and David Cowburn, 2016
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Nonsmooth with MADMM

MADMM: a generic algorithm for non-smooth optimization 
on manifolds, Kovnatsky, Glashoff, Bronstein, 2015

Compressed modes

Functional correspondence

Robust SNL 40



Take home message

Optimization on manifolds has many 
applications and is easy to try with Manopt.

It comes with the same guarantees as 
unconstrained nonlinear optimization.

For some problems, we get global optimality.
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Max-Cut

𝐴𝐴 is the adjacency matrix of the graph:

max
𝑥𝑥1,…,𝑥𝑥𝑛𝑛∈ ±1

�
𝑖𝑖,𝑗𝑗

𝐴𝐴𝑖𝑖𝑖𝑖
1 − 𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗

2

max
𝑥𝑥1,…,𝑥𝑥𝑛𝑛∈ ±1

𝟏𝟏𝑇𝑇𝐴𝐴𝟏𝟏 − 𝑥𝑥𝑇𝑇𝐴𝐴𝐴𝐴

min
𝑥𝑥
𝑥𝑥𝑇𝑇𝐴𝐴𝐴𝐴 s. t. 𝑥𝑥𝑖𝑖2 = 1 ∀𝑖𝑖
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Max-Cut

min
𝑥𝑥
𝑥𝑥𝑇𝑇𝐴𝐴𝐴𝐴 s. t. 𝑥𝑥𝑖𝑖2 = 1 ∀𝑖𝑖

min
𝑥𝑥

Tr(𝐴𝐴𝐴𝐴𝑥𝑥𝑇𝑇) s. t. 𝑥𝑥𝑥𝑥𝑇𝑇 𝑖𝑖𝑖𝑖 = 1 ∀𝑖𝑖

min
𝑋𝑋

Tr 𝐴𝐴𝐴𝐴 s. t. diag 𝑋𝑋 = 𝟏𝟏,
𝑋𝑋 ≽ 0
rank 𝑋𝑋 = 1
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This is not projected gradients
−𝛻𝛻𝑓𝑓(𝑥𝑥)

𝑥𝑥

−𝛻𝛻𝑓𝑓(𝑥𝑥)

𝑥𝑥

−grad 𝑓𝑓(𝑥𝑥)

Optimization on manifolds is intrinsic.
There is no need for an embedding space.

Works for abstract manifolds, quotient spaces.
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