
Low-rank approaches for 
SDP’s in community detection

Afonso Bandeira (MIT→Courant)

Nicolas Boumal (Princeton University)

Vladislav Voroninski (MIT)

1



Community detection
in the stochastic block model (SBM)

2

𝑝𝑝 𝑝𝑝
𝑞𝑞



Community detection
in the stochastic block model (SBM)

3



Community detection
in the stochastic block model (SBM)
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The constant average degree regime

Link within: 𝑝𝑝 = 𝑎𝑎
𝑛𝑛

Link across: 𝑞𝑞 = 𝑏𝑏
𝑛𝑛

Each community has a giant connected 
component, whp.

Hope for non-trivial correlation
with true partition. 𝑝𝑝 𝑝𝑝𝑞𝑞
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The dense regime

Link within: 𝑝𝑝 = 𝛼𝛼 log 𝑛𝑛
𝑛𝑛

Link across: 𝑞𝑞 = 𝛽𝛽 log 𝑛𝑛
𝑛𝑛

Each community is connected, whp.

Hope for exact recovery. 𝑝𝑝 𝑝𝑝𝑞𝑞
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The key SNR quantity: 𝜆𝜆(𝑝𝑝, 𝑞𝑞)

𝜆𝜆 𝑝𝑝, 𝑞𝑞 =
𝑝𝑝 − 𝑞𝑞

2(𝑝𝑝 + 𝑞𝑞)
𝑛𝑛

For non-trivial correlation: need 𝜆𝜆 > 1
Decelle et al. ‘11, Mossel et al. ‘14, Massoulié et al. ‘14

For exact recovery: “need 𝜆𝜆 > 2 log𝑛𝑛”
Mossel et al. ‘14, Abbe et al. ’14
(Precise condition: 𝛼𝛼 − 𝛽𝛽 > 2.)

𝑝𝑝 𝑝𝑝𝑞𝑞
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Relaxation of MLE gives SDP for SBM

With 𝐴𝐴 the adjacency matrix and 𝐴𝐴′ = 𝐴𝐴 − 𝑝𝑝+𝑞𝑞
2
𝟏𝟏𝟏𝟏𝑇𝑇:

max
𝑋𝑋

𝐴𝐴′,𝑋𝑋 s. t. diag 𝑋𝑋 = 𝟏𝟏,𝑋𝑋 ≽ 0

Non-trivial correlation:
∀𝛿𝛿 > 0, if

𝑝𝑝 + 𝑞𝑞
2

𝑛𝑛 large enough, 𝜆𝜆 > 1 + 𝛿𝛿 is enough
Guedon & Vershynin ’14, Montanari & Sen ’15, Javanmard et al. ’15

Exact recovery: SDP is tight at the info limit
Hajek et al.  ‘14, Bandeira ‘15
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The Burer–Monteiro approach

max
𝑋𝑋

𝐴𝐴′,𝑋𝑋 s. t. diag 𝑋𝑋 = 𝟏𝟏,𝑋𝑋 ≽ 0

Parameterize 𝑋𝑋 = 𝑌𝑌𝑌𝑌𝑇𝑇 with 𝑌𝑌 of size 𝑛𝑛 × 𝑝𝑝:

max
𝑌𝑌

𝐴𝐴′,𝑌𝑌𝑌𝑌𝑇𝑇 s. t. diag 𝑌𝑌𝑌𝑌𝑇𝑇 = 𝟏𝟏

The aggressive version: 𝑝𝑝 = 2.
9



Non-convex optimization on the 𝑛𝑛-torus

max
𝑌𝑌∈𝐑𝐑𝑛𝑛×2

𝐴𝐴′,𝑌𝑌𝑌𝑌𝑇𝑇 s. t. diag 𝑌𝑌𝑌𝑌𝑇𝑇 = 𝟏𝟏

Low-dimensional, and no conic constraint.

We run Riemannian trust regions via Manopt.

Do KKT points have good statistical properties?
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𝑝𝑝 =
10
𝑛𝑛

, 𝑞𝑞 =
2
𝑛𝑛

𝜆𝜆 = 1.63

𝑛𝑛 = 272 976
200 seconds (laptop)

IPM

Rank 2

Random
𝑛𝑛

IPM

Rank 2

𝑛𝑛

100

1

.01



Main result 1: non-trivial correlation

max
𝑌𝑌∈𝐑𝐑𝑛𝑛×2

𝐴𝐴′,𝑌𝑌𝑌𝑌𝑇𝑇 s. t. diag 𝑌𝑌𝑌𝑌𝑇𝑇 = 𝟏𝟏

In the constant average degree regime, for any
𝛿𝛿 > 0, if 𝑝𝑝+𝑞𝑞

2
𝑛𝑛 is large enough and 𝜆𝜆 > 8 + 𝛿𝛿,

Then, there exists 𝜀𝜀 > 0 such that, whp, all 
second order KKT points 𝑌𝑌 correlate non-
trivially with the true partition 𝒈𝒈:

1
𝑛𝑛

𝑌𝑌𝑇𝑇𝒈𝒈 2 ≥ 𝜀𝜀.
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Main result 2: exact recovery
max
𝑌𝑌∈𝐑𝐑𝑛𝑛×2

𝐴𝐴′,𝑌𝑌𝑌𝑌𝑇𝑇 s. t. diag 𝑌𝑌𝑌𝑌𝑇𝑇 = 𝟏𝟏

There exists 𝑐𝑐 (universal) such that, if

𝜆𝜆 ≥ 𝑐𝑐𝑛𝑛1/3,

then, whp, all second-order KKT points 𝑌𝑌
are optimal and correspond to 𝒈𝒈:

𝑌𝑌𝑌𝑌𝑇𝑇 = 𝒈𝒈𝒈𝒈𝑇𝑇 .
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1. Hess 𝑓𝑓 𝑌𝑌 ≽ 0 ⇔ ddiag 𝐴𝐴′𝑌𝑌𝑌𝑌𝑇𝑇 ≽ 𝐴𝐴′ ∘ 𝑌𝑌𝑌𝑌𝑇𝑇

ddiag 𝐴𝐴′𝑌𝑌𝑌𝑌𝑇𝑇 ,𝒈𝒈𝒈𝒈𝑇𝑇 ∘ 𝑌𝑌𝑌𝑌𝑇𝑇 ≥ 𝐴𝐴′ ∘ 𝑌𝑌𝑌𝑌𝑇𝑇 ,𝒈𝒈𝒈𝒈𝑇𝑇 ∘ 𝑌𝑌𝑌𝑌𝑇𝑇

2. Link 𝐴𝐴𝐴 to the signal: 𝐴𝐴′ ∝ 𝒈𝒈𝒈𝒈𝑇𝑇 + 𝑛𝑛
𝜆𝜆
𝐸𝐸 + 𝐷𝐷

𝒈𝒈𝒈𝒈𝑇𝑇 +
𝑛𝑛
𝜆𝜆
𝐸𝐸,𝑌𝑌𝑌𝑌𝑇𝑇 ≥ 𝒈𝒈𝒈𝒈𝑇𝑇 +

𝑛𝑛
𝜆𝜆
𝐸𝐸,𝒈𝒈𝒈𝒈𝑇𝑇 ∘ 𝑌𝑌𝑌𝑌𝑇𝑇 ∘ 𝑌𝑌𝑌𝑌𝑇𝑇

3. Use noise property: max
𝑋𝑋≽0,diag 𝑋𝑋 =𝟏𝟏

𝐸𝐸,𝑋𝑋 ≤ 2 + 𝑜𝑜𝑑𝑑(1) 𝑛𝑛

𝑌𝑌𝑇𝑇𝒈𝒈 2 ≥ 𝑌𝑌𝑌𝑌𝑇𝑇 F
2 −

2𝑛𝑛2

𝜆𝜆
2 + 𝑜𝑜𝑑𝑑 1 ≥ 𝑛𝑛2

1
2
−

4 + 𝑜𝑜𝑑𝑑(1)
𝜆𝜆

Note: Sufficient to ensure Hess 𝑓𝑓 𝑌𝑌 ≽ −𝜀𝜀 ⋅ I
14



More of this in statistics?

It’s a tempting family of estimators.

Toward computation bounds: see global 
rates of convergence to KKT points on 
manifolds: 1605.08101

More guarantees for Burer–Monteiro 
approach to ‘smooth’ SDP’s: 1606.04970
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Maximum likelihood estimation for SBM 
is combinatorial optimization

𝐴𝐴 ∈ 𝐑𝐑𝑛𝑛×𝑛𝑛 is the observed adjacency matrix:

max
𝒛𝒛

𝐴𝐴, 𝒛𝒛𝒛𝒛𝑇𝑇 s. t. 𝒛𝒛 ∈ ±1 𝑛𝑛 and 𝟏𝟏𝑇𝑇𝒛𝒛 = 0

Hard problem for general 𝐴𝐴: need to relax.
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Step 1: remove the linear constraint

max
𝒛𝒛

𝐴𝐴, 𝒛𝒛𝒛𝒛𝑇𝑇 s. t. 𝒛𝒛 ∈ ±1 𝑛𝑛 and 𝟏𝟏𝑇𝑇𝒛𝒛 = 0

If 𝒈𝒈 ∈ ±1 𝑛𝑛 is the true partition, then

𝐄𝐄 𝐴𝐴 =
𝑝𝑝 + 𝑞𝑞

2
𝟏𝟏𝟏𝟏𝑇𝑇 +

𝑝𝑝 − 𝑞𝑞
2

𝒈𝒈𝒈𝒈𝑇𝑇 .

Remove the bias toward 𝟏𝟏: 𝐴𝐴′ = 𝐴𝐴 − 𝑝𝑝+𝑞𝑞
2
𝟏𝟏𝟏𝟏𝑇𝑇
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Step 2: relax to a semidefinite program

max
𝒛𝒛

𝐴𝐴𝐴, 𝒛𝒛𝒛𝒛𝑇𝑇 s. t. 𝒛𝒛 ∈ ±1 𝑛𝑛

Binary constraints 𝒛𝒛 ∈ ±1 𝑛𝑛

are equivalent to diag 𝒛𝒛𝒛𝒛𝑇𝑇 = 𝟏𝟏.

Introduce 𝑋𝑋 = 𝒛𝒛𝒛𝒛𝑇𝑇 . Equivalent problem:

max
𝑋𝑋

𝐴𝐴′,𝑋𝑋 s. t. diag 𝑋𝑋 = 𝟏𝟏,𝑋𝑋 ≽ 0, rank 𝑋𝑋 = 1
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