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Optimization on smooth manifolds

min f (x) subjecttox € M
X

Linear spaces

Fixed-rank matrices, tensors |
Orthonormal matrices (sphere, Stiefel, rotations, ...) S

Positive definite matrices, positive vectors

Quotients through symmetries
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My talk today however is about sets.

.. though we’'ll see smoothness is never far.



A classical geometric fact first

The following set is a smooth manifold:

{X € R”*?: X = X7 and rank(X) = 1}

However, the following set a smooth manifold:

{X € R”?:X = X" and rank(X) < 1}

Let'sdo a



X
{X € R”?: X = X" and rank(X) < 1} = {[y }z]] Xz — Y% = O}

The origin is the only
matrix of rank zero.

There, the set is not smooth.



Optimization under rank constraints

min f(X) subjectto rank(X) — k

XeRmXTl

-rank matrices form a embedded submanifold of R™*™",

However, this is

[ssue for optimization: sequences might “converge” outside the
manifold, at which point we lose all control.



Optimization under rank constraints

min f(X) subjectto rank(X) < k

XeRmXTl

Closure: -rank matrices form an algebraic variety in R"™*",

[ssue for optimization: this is

[f iterates remain comfortably on rank-k manifold, fine.
But if they converge to lesser-rank matrices,



Even computing stationary points is tricky

min f(X) subjectto rank(X) < k

XeRmXTl

There exist f and X, for which a method*
with Armijo backtracking produces iterates X;, X5, X3, ... such that:

1. rank(X,,) = k for all n,
2. Some as n — oo,
3. The sequence converges to a feasible matrix X,

4. Yet

*Schneider & Uschmajew, SIOPT 2015,
Convergence Results for Projected Line-Search Methods on Varieties of Low-Rank Matrices Via tojasiewicz Inequality



Apocalypses in general

min f(x) subjectto x € X

XEE
The T, X collects allowed directions of movement at x.
X is if Df(x)[v] = O0forallv € T, X, i.e, —Vf(x) € (T, X)".

This is equivalent to the property HProijx(—Vf(x)) H = 0.

Gray pictures: Ruszczynski, Nonlinear Optimization, 2006



Apocalypses in general

min f(x) subjectto x € X
x€eE&

The T, X collects allowed directions of movement at x.
x is if HProijX(—Vf(x))H = 0.
X is if there exists a sequence x; = x and a function f

such that H Proijix(—Vf(xi)) ” — 0 yet x is not stationary.



When can apocalypses occur?

X is if there exists a sequence x; = x and a function f
such that H Projr x(—V f (xl-)) H — 0 yet x is not stationary.
l



When can apocalypses occur?

When tangent cones change
, adding

X is if there exists a sequence x; = x and a function f
such that H Projr x(—V f (xl-)) H — 0 yet x is not stationary.
l



X 1s apocal

- When can apocalypses occur?

When tangent cones change
suddenly, adding new directions.

vyptic if there exists a sequence x; = x and a function f

such that

|Proiji x(=Vf(x)) H — 0 yet x is not stationary.



A first take-away, and two positives notes

To our knowledge, iterating on the
bounded-rank variety

in all cases, even under generous assumptions on f.

We believe to that goal.

Two positive notes:
1. There are no apocalypses on nor on

2. We can bounded-rank matrices and work there.



To find stationary points, use lifts ‘oo

@

Let M = R™*k x Rk and € = R™*X", |

Consider the smooth map from M to E. * f
Notice: (M) = {X € R™ ™ rank(X) < k}:itisa
. If (L, R) is 2-critical for f o ¢, then LR is stationary for f.

. If f has compact sublevel sets, then a modified version of the
trust-region method on f o @ converges to 2-critical points, always.

Ha, Liu & Barber, SIOPT 2021,
An equivalence between critical points for rank constraints versus low-rank factorizations



Summary

Optimization on non-smooth sets can be tricky due to apocalypses.

We can use lifts to move the problem to a smooth manifold.

[f the lift has nice properties (e.g., 2-critical = stationary),
this can help use converge to stationary points with certainty.
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